An energy approach is proposed as a complement to the stress approach commonly considered for 20 investigating soil desiccation cracking. The elastic strain energies before and after crack initiation are 21 estimated by both numerical and analytical solutions. The energy released by cracking is then 22 compared to the fracture energy to discuss crack initiation conditions. This leads to combined energy 23 and stress conditions for crack initiation following Leguillon's theory. An approximate analytical 24 solution is derived from a variational formulation of the porous elastic body equations. A cohesive 25 zone model and Finite Element code are used to simulate crack propagation in an unsaturated porous 26 body. This analysis shows that the energy criterion is reached before the stress criterion, and this can 27 explain unstable crack propagation at the beginning. The approximate analytical solution allows 28 predicting correctly the crack depth and opening in its initiation stage. 29 30
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Notation: In the sequel, light-face (Greek or Latin) letters denote scalars; underlined letters (a) 138 designate vectors and boldface letters (a) for second-order tensors; outline letters ( £ ) are used for 139 fourth-order tensors. 140
Analytical approach 141
In this analysis, the soil is represented as a homogeneous porous material subjected to potential 142 cracking under desiccation. The study focuses on the initiation conditions and the geometry (e.g. 143 depth, opening and spacing) of cracks by combining stress and energy approaches. The simultaneous 144 apparition of cracks [34] is assumed to occur to create a crack network when the failure criterion is 145 reached. The study focuses on the desiccation crack initiation near the top surface of the soil where the 146 gravity-induced stresses are negligible. Thus, for the sake of simplicity, the gravity forces are 147 neglected in the sequel and the governing equations of the problem read: 148 div= 0, ':   C ε (1) where  represents the total stress, ' the effective, ε the strain and £ corresponds to elastic tensor 149 (linear isotropic with Lamé coefficients  and ).
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The definition of the effective stress is a key question in porous materials. In the linear poroelasticity, 151 widely used to model fluid saturated porous materials, the following expression of the effective stress 152 is used: 153
where b is the Biot coefficient, p is pore water pressure and  the unit tensor. For unsaturated soils, 154 assuming the incompressibility of the solid matrix and the water phase, Houlsby (1997) 
where p a designates the air pressure, p w the water pressure and S the degree of saturation. This 157 expression of the effective stress was widely used for soil analyses and in particular for the non-linear, 158 8 elastoplastic or damage behavior of soils [43, 44] . In this work, the air pressure is neglected. Several 159 works showed that crack initiation took place when the saturation degree S remained close to 1 160 ([10,11,45] ). As a result, and in order to be able to apply the theoretical methods of LEFM and linear 161 poroelasticity in following analyses, S is assumed to be equal to 1 for the effective stress calculation in 162 this study. This does not exclude that the variation of S is considered in the moisture diffusion 163 problem. With this approximation, the same Eq. (2) can be formally used for the mathematical 164 treatments of unsaturated soil by taking p = -p w . In the sequel for simplicity and unity of notations the 165 expression (2) is used in the theoretical relations but for the numerical models b is taken equal to 1. 166
The study focuses on the desiccation crack initiation near the top surface of the soil and for this 167 purpose, a regular geometry of cracks, characterized by a depth L and a spacing B (Figure 1 . As the mechanism of desiccation cracking is related to 184 tensile stress due to increase of suction during desiccation, variation of the pressure in the positive 185 range has no effect on the desiccation cracking. 
This local formulation is equivalent to the variational problem explained below. A set of kinematically 197 admissible displacement fields U A , satisfying the above displacement boundary conditions, is defined 198 as:
Thus, the solution of the system (II) is the displacement field that minimizes the following potential: 200
Where: (10) In the present work, the pore pressure field is determined by a moisture transfer calculation, and the 209 effect of deformation on pore pressure is not considered. In addition, the crack propagation at the 210 initiation phase is very quick. Thus, the pore pressure fields before and after crack initiation are 211 supposed to be similar. Therefore,  L remains constant in the crack initiation phase. Eq. (10) is 212 integrated in: 213
The elastic strain energy released by the cracking process is then given by: 214
The elastic strain energy before cracking, E before , is analytically calculated from the displacements 215 field, which is the solutions of the system (II) with L = 0. The elastic strain energy after crack 216 initiation E after is deduced from the displacement solution of the system (II) with L ≠ 0. The variational 217 formulation allows establishing an upper estimation of the elastic strain energy after crack initiation: 218
The 
Using Eq. (6) 
The The energy criterion for crack propagation in Eq.(23) becomes: 240
In the sequel, after calculating the energy before cracking, approximate solutions u for the state after 
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An approximate solution is considered by considering only the first terms up to the second degree of x 256 as follows: 257 Additionally, the continuity of the displacement on the
This leads to the following expressions for u x and u y in  1 depending on only two constants, C 1 and 269
In  2 , the continuity of the displacement on the  12  interface must be satisfied, in addition to the 271 displacement boundary conditions. It should be noted that 0 ( , ) 
Because lim ( ) 0 y Py ®¥ = , the condition (II.6) will be satisfied by this assumption. The general 276 displacement expression will be given in  2 by: 277
The approximate displacement field given by Eqs. (32) and (34) The expression of the potential (u), depending on these two constants (C 1 and C 2 ) calculated by the 283 sum of the potential shown in Eq.(4) for the two subdomains  1 and  2 , is given as follows: 284
and the following constants depend on the pressure field: 285
It can be seen that the potential (u) is a quadratic function of (C 1 , C 2 ). Minimization with respect to 287 (C 1 , C 2 ), i.e., the solution of the system of equations: 288
leads to the following result: 289
With this expression, the potential after crack initiation (Eq. (35)) is calculated as follows: 290
From Eqs. (24), (28) and (38), it can be obtained that: 291
By replacing the C 1 presented in Eq. (37), the normalized dissipated energy by cracking in the 292 approximate energy approach becomes: 293
It can be seen that this normalized dissipated energy by cracking in this approach is a function of the 294 cracks depth L, the half spacing D, the soil properties though the term ψ and the given suction field 295
P(y).
3. Numerical approach (1 ( ) )
where S res is residual degree of saturation and θ, n, m are constants. 309
The equation that allows determining the flow in the soil matrix with an assumption of incompressible 310 fluid can be written as follows [54] : 311
where
, k is the soil hydraulic conductivity, g is the gravitational acceleration, N is 312 the Biot modulus,  represents the porosity, and S' is the derivative dS/dp calculated from the water 313 retention curve. 314
For the cracks, the transversal conductivity between the two crack walls is infinitely high. This implies 315 that the pressure is continuous between the two opposite faces of the crack and that the pressure takes 316 the same value p for a given point along the crack. The equation, which allows calculating the pressure 317 for every location s along the crack, can be written as below: The following equation is used to simulate the cohesive damage crack behavior: 340
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where  is the stress vector on the matrix/crack interface surface, n is the normal unit vector on this 341 surface, R is the joint stiffness tensor and d a scalar damage variable. 
In mode I propagation, the damage evolution law induces a relation between d and opening u n for a 347 
The effective stress is formulated to describe the mechanical behavior of the soil matrix and the failure 370 criterion of the cohesive cracks. The suction is calculated in the matrix from the governing equations 371 given in the previous section, whereas the crack is supposed to be empty and therefore no fluid 372 in the matrix whereas the continuity of total stress is ensured at the interface between the matrix and 374 the joint elements. 375
The crack opening e changes with the deformation from the initial value e 0 to: 376 0 n e e u =+ (49) This crack opening change is considered to modify its hydraulic conductivity. The soil matrix is 377 assumed to be an isotropic elastic linear material obeying Eq.(2). 378
Hydro-mechanical coupling 379
The coupling between mechanical and hydraulic problems is performed by a sequential resolution of 380 the two problems and the interactions between them. For each time increment, the hydraulic problem 381 is calculated in the beginning by Eqs. (42) As explained above, the cohesive crack was used to model the desiccation cracks initiation and 408
propagation. Several studies indicated that the desiccation cracking occurs mainly in opening mode 409 (mode I) [15, 16, 19, 73] and this mode is also assumed in the present work. Thus, the main parameters 410 of the cohesive crack are: normal joint stiffness R nn , tensile strength  R , and initial crack opening e 0 .
411
The crack tensile strength  R was taken to be equal to the soil tensile strength. The initial value of the 412 normal stiffness R nn is taken to be sufficiently high, and that of the hydraulic conductivity (related to 413 the initial opening e 0 ) is sufficiently small so as to have negligible effects on the global elasticity and 414 permeability of the model before cracking. The parameter in the damage model corresponds to the 415 ductility of the material and can be obtained from the experimental curves [74] . In this work,  was 416 taken to be equal to 1, which implies that the tensile stress of the fracture starts to decrease at the onset 417 of damage (see Figure 3) . The parameters C coh and  do not affect the mode-I crack propagation The Figure 6a shows the pore pressure distribution, including the deformed shape of the sample for 444 three suctions at the top surface calculated by the numerical approach. Before cracking, the pore 445 pressure is almost homogenous in each horizontal section. The suction profiles are presented in the 446 Figure 6b for various suctions at the top surface. It can be seen that the suction increases (or pore 447 pressure decreases) gradually on the top surface due to the applied boundary condition. This suction 448
penetrates from the top to the deeper parts of the sample due to moisture transfer. The highest suction 449 is always on the top surface, and it decreases gradually with the depth. Two phases can be identified 450 from Figure 6a . In the first phase (s = 0.01 MPa, for example), the sample presents only settlement 451 without cracking, and the presence of the cohesive crack does not influence the pore pressure 452 28 distribution. In the second phase (s = 0.0184 MPa), the crack initiated partially by an opening, and the 453 crack hydraulic conductivity increases by representing higher suction values around its location 454 (Figure 6a) . The suction at the initiation of the crack was about 0.018 MPa. This suction is close to the 455 air-entry value (0.02 -0.03 MPa) observed on the water retention curve plotted in the Figure 5 . This 456 result is in agreement with previous experimental observations [10, 11, 45] . 457
The mechanism of crack initiation can be further studied in Figure 7 by the stress criterion. Figure 7  458 shows the tensile stress evolution of all joint elements along the line of the crack from the top surface 459 to 1 m depth. It can be observed that, from s = 0.008 MPa to s = 0.017 MPa, the tensile stress develops 460 gradually in the upper part of the model (from y = 0 to y = 0.5 m), and the highest stress is on the top 461 surface, which corresponds to the desiccation condition ( Figure 6 ). In this period, the tensile stress 462 increases but remains smaller than the tensile strength (0.01 MPa). Therefore, all joint elements 463 remain in the elastic phase in which no damage occurs and no crack can be observed. It is the first 464 phase explained above where the sample presents only settlement without cracking (Figure 6a The elastic strain energy before cracking can be analytically calculated as a function of the soil 490 parameters and the suction evolution (Eq. (27)). In the numerical simulation, the elastic strain energy 491 E num of the sample is calculated by the following equation: 492
where u and R are the opening and normal stiffness of the joint elements. 493
The Figure 9 shows good agreement between the elastic strain energy evolution for the numerical 494 simulation and the analytical results. 495
Crack depth in the initiation phase 496
As mentioned above, in this simulation, the crack is initiated when s = 0.0184 MPa. The pore pressure 497 profile at this moment can be applied in the analytical approach to calculate the energy released by 498 cracking and to predict the crack depth in its initiation stage for a known half-spacing D. 499
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The energy evolution of the model during desiccation and the evolution of the crack depth in this 500 period are initially determined by the numerical simulation. In the numerical simulation, the crack 501 depth is considered as the distance from the top surface to the last damaged joint element in which the 502 damage variable is equal to 1. During the desiccation, the tensile stress increases due to the increase of 503 suction, and the damage process begins when the tensile stress reaches the tensile strength (Figure 7) . 504
The elastic strain energy of the sample is calculated by Eq.(48). Figure 10 shows the elastic strain 505 energy and crack depth evolution calculated by the numerical simulation. At the beginning, from s = 0 506 to s = 0.01835 MPa, the elastic strain energy of the sample increases due to the increase of suction 507 (Figure 10a) . During this period, the crack remains closed. At s = 0.01835 MPa, the elastic strain 508 energy decreases markedly, and the energy is dissipated due to the initiation of a crack with a depth of 509 0.31 m. It can be seen that this crack is propagated with two main phases: in the first phase, the crack 510
propagates suddenly in a very short time (instable propagation phase) to reach an ultimate length (see 511 sufficient for crack propagation, this state could be the onset of crack propagation. However, Figure 7  524 shows that, at this moment, the tensile stress is still smaller than the tensile strength. According to the 525 Leguillon's theory the two criteria must be satisfied for the crack initiation takes place. This is well 526 confirmed by the numerical simulation results since, even though the energy criterion is satisfied at 527 this moment, this crack does not initiate. Then, the energy strain of the sample continues to 528 accumulate with increasing suction. When, the tensile stress reaches the soil tensile strength (s = 529 0.01835 MPa), Figure 7 , the criteria of both energy and stress are satisfied, and, at this moment 530 precisely the crack starts to initiate and propagate (instantaneous energy drop and jump in the crack 531 depth), Figure 10 . 532
It is interesting to note that the energy criterion provides also an information on the crack depth. 533
According to the energy criterion, the crack depth must satisfy the condition /L ≥ G c . Figure 11  534 shows that, at the crack initiation moment, s  0.01835 MPa, this condition is satisfied for L= 0.08 to 535 show that the crack initiation occurs with a similar suction profile for all five tests (s = 0.016 -0.019 571 MPa). This suction profile is applied to calculate the normalized dissipated energy /L using Eq. 39. 572 Figure 13 presents the evolution of the crack depth numerically calculated for the five tests with 573 different half-spacing D values. At the beginning, the crack is not initiated yet, which corresponds to 574 the elastic phase of joint elements. When the damage criterion is reached, the crack propagates 575 markedly to reach the ultimate depth. After this moment, the crack propagates slowly. From this 576 figure, the ultimate crack depth in the crack initiation phase for each test can be determined by the 577 numerical simulation. 
